NORMALITY OF MAXIMAL ORBIT CLOSURES 
FOR EUCLIDEAN QUIVERS 



GRZEGORZ BOBINSKI 

Abstract. Let A be an Euclidean quiver. We prove that the 
closures of the maximal orbits in the varieties of representations 
of A are normal and Cohen-Macaulay (even complete intersec- 
tions). Moreover, we give a generalization of this result for the 
tame concealed-canonical algebras. 



Introduction and the main results 

Throughout the paper is a fixed algebraically closed field. By Z, 
N and we denote the sets of the integers, the non-negative integers 
and the positive integers, respectively. Finally, if i,j G Z, then : = 
{lEZ\i<l<j} (in particular, = ii i > j). 

Let y4 be a finite dimensional fc-algebra. Given a non-negative integer 
d one defines mod A{d) as the set of all fc- algebra homomorphisms from 
A to the algebra M.dxd{k) of d x d-matrices. This set has a structure 
of an affine variety and its points represent ci-dimensional A-modules. 
Consequently, we call mod A{d) the variety of A- modules of dimension 
d. The general linear group GL{d) acts on modA^d) by conjugation: 
{g ■ m)(a) := gm{a)g~^ for g G GL{d), m G mod^(o?) and a G A. The 
orbits with respect to this action are in one-to-one correspondence with 
the isomorphism classes of the d-dimensional A-modules. Given a d- 
dimensional A- module M we denote the orbit in mod A{d) correspond- 
ing to the isomorphism class of M by 0{M) and its Zariski-closure by 
0(M). 



Singularities appearing in the orbit closures 0{M) for modules M 
over an algebra A are an object of intensive studies (see for example [1, 
3,9, 12,28,37,41-44], we also refer to a survey article of Zwara [45]). In 
particular, Zwara and the author [8] proved that if A is a hereditary al- 
gebra of Dynkin type A or D, then 0{M) is a normal Cohen-Macaulay 
variety, which has rational singularities if the characteristic of k is 0. 
Recall, that Gabriel [23] proved that the hereditary algebras of Dynkin 
type are precisely the hereditary algebras of finite representation type. 
Thus, it an interesting question if the orbit closures have good geomet- 
ric properties for all hereditary algebras of finite representation type. 
The remaining case of hereditary algebras of type E is still open, but 
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there are some partial results in this direction [39] . On the other hand, 
Zwara [40] exhibited an example of a module over the Kronecker alge- 
bra whose orbit closure is neither normal nor Cohen-Macaulay . This 
example generalizes easily to an arbitrary hereditary algebra of infinite 
representation type [15]. However, it is still an interesting problem to 
determine for which classes of modules over hereditary algebras of in- 
finite representation type, the corresponding orbit closures have good 
properties. In the paper, we study modules M such that 0{M) is 
maximal, i.e. there is no module N such that 0{M) C 0{N) and 
C(M) 7^ 0{N). 

According to famous Drozd's Tame and Wild Theorem [17, 21] the 
finite dimensional algebras of infinite representation type can be di- 
vided into two disjoint classes. One class consists of the tame algebras, 
for which the indecomposable modules of a given dimension form a 
finite number of one-parameter families. The other class consists of 
the wild algebras, for which the classification of the indecomposable 
modules is as complicated as the classification of two non-commuting 
endomorphisms of a finite dimensional vector space, hence is considered 
to be hopeless. There are examples showing that varieties of modules 
over tame algebras have often better properties than those over wild 
algebras (see for example [6,16,35,36]). Consequently, we concentrate 
in the paper on the maximal orbits over the tame hereditary algebras. 
We recall that the tame hereditary algebras are precisely the hereditary 
algebras of Euchdean type. 

The following theorem is the main result of the paper. 

Theorem 1. Let M be a module over a tame hereditary algebra. If 
0{M) is maximal, then 0{M) is a normal complete intersection {in 
particular, Cohen-Macaulay) . 

It is known (see for example [30, Corollary 3.6]) that 0{M) is max- 
imal for each indecomposable module over a tame hereditary algebra. 
Consequently, we get the following. 

Corollary 2. If M is an indecomposable module over a tame hereditary 
algebra, then 0{M) is a normal complete intersection {in particular, 
Cohen-Macaulay) . 

Now we present the strategy of the proof of Theorem 1. Let M 
be a module over a tame hereditary algebra A such that 0{M) is 
maximal. If Ext^(M, M) = 0, then it is well known that 0{M) is 
smoothly equivalent to an affine space, hence the claim is obvious in 
this case. Thus we may concentrate on the case Ext\(Af, M) ^ 0. 
It follows from [30, proof of Corollary 3.6] that in this situation M is 
periodic with respect to the action of the Auslander-Reiten translation 
T. Consequently, Theorem 1 follows from the following. 
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Theorem 3. Let M be a r-periodic module over a tame hereditary 
algebra. If 0{M) is maximal, then 0{M) is a complete intersection 
{in particular, Cohen-Macaulay) . 

If ^4 is a tame hereditary algebra, then the r-periodic 74-modules are 
direct sums of indecomposable modules, which lie in the sincere sepa- 
rating family of tubes in the Auslander-Reiten quiver of A. Existence 
of such families charecterizes the concealed-canonical algebras [27,34]. 
Recall [26] that an algebra A is called concealed-canonical if there exists 
a tilting bundle over a weighted projective line whose endomorphism 
ring is isomorphic to A. Thus it is natural to try to generalize The- 
orem 3 to the case of tame concealed-canonical algebras. Before we 
formulate this generalization, we present necessary definitions. 

Let Ahe di. tame concealed-canonical algebra. For an 74-module M 
we denote by dimM its dimension vector, i.e. the sequence indexed 
by the isomorphism classes of the simple A-modules, which counts the 
multiplicities of the composition factors in the Jordan-Holder filtra- 
tion of M. In general, a sequence of non-negative integers indexed by 
the isomorphism classes of the simple A-modules is called a dimen- 
sion vector. We call a dimension vector d singular if (d, d)^ = and 
there exists a dimension vector x such that x < d, (x, x)^ = and 
|(x, d)yi| = 2, where {—,—)a denotes the corresponding homological 
bilinear form (see Section 1). In Proposition 2.3 we describe the tame 
concealed-canonical algebras for which there exist singular dimension 
vectors. In particular, this description implies that singular dimension 
vectors do not exist for the tame hereditary algebras. 

We have the following generalization of Theorem 3. 

Theorem 4. Let M be a T-periodic module over a tame concealed- 
canonical algebra such that 0{M) is maximal. Then 0{M) is a com- 
plete intersection {in particular, Cohen-Macaulay) . Moreover, 0{M) 
is not normal if and only if dimM is singular and tM ~ M. 

In the paper we concentrate on the proof of Theorem 4. Instead of 
using the framework of modules over algebras and the corresponding 
varieties, we use the framework of representations of quivers (and the 
corresponding varieties). Gabriel's Theorem [23] says that we may do 
this replacement on the level of modules and representations, while a 
result of Bongartz [11] justifies this passage on the level of varieties. 
For the background on the representation theory we refer to [2,32,33]. 

The paper is organized as follows. In Section 1 we recall basic infor- 
mation about quivers and their representations. Next, in Section 2 we 
gather facts about the categories of modules over the tame concealed- 
canonical algebras. In Section 3 we introduce varieties of representa- 
tions of quivers, while in Section 4 we review facts on semi-invariants 
with particular emphasis on the case of tame concealed-canonical al- 
gebras. Next, in Section 5 we present a series of facts, which we later 
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use in Sections 6 and 7 to study orbit closures for the non-singular 
and singular dimension vectors, respectively. Moreover, in Section 7 
we make a remark about relationship between the degenerations and 
the hom-ordcr for the tame concealed-canonical algebras. Finally, in 
Section 8 we give the proof of Theorem 4. 

The author acknowledges the support from the Research Grant No. 
N N201 269135 of the Pohsh Ministry of Science and Higher Education. 

1. Quivers and their representations 

By a quiver A we mean a finite set Aq (called the set of vertices of 
A) together with a finite set Ai (called the set of arrows of A) and two 
maps s,t : Ai — )■ Aq, which assign to each arrow a its starting vertex 
sa and terminating vertex ta, respectively. By a path of length n e N+ 
in a quiver A wc mean a sequence a = {ai, . . . , an) of arrows such that 
sttj = tcii+i for each i G [l,n — 1]. In particular, we treat every arrow 
in A as a path of length 1. In the above situation we put £a := n, 
sa :— san and ta :— tai. Moreover, for each vertex x we have a trivial 
path Ij; at X such that ilx := and sl^ := x =: tlx- A subquiver A' 
of a quiver A is called convex if G A'^ for each i G [1,?^], provided 
(ai, . . . , an) is a path in A such that toi, sa„ G Aq. 

For the rest of the paper we assume that the considered quivers do 
not have oriented cycles, where by an oriented cycle we mean a path a 
of positive length such that sa = ta. 

Let A be a quiver. We define its path category kA to be the category 
whose objects are the vertices of A and, for x, y G Aq, the morphisms 
from X to y are the formal /c-linear combinations of paths starting at x 
and terminating at y. For x,y E Aq we denote by kA{x, y) the space of 
the morphisms from a; to y in kA. If G kA{x, y) for x,y E Aq, then we 
write SCO := X and tcu := y. By a representation of A we mean a functor 
from kA to the category mod k of finite dimensional vector spaces. We 
denote the category of the representations of A by rep A. Observe that 
every representation of A is uniquely determined by its values on the 
vertices and the arrows. Given a representation M of A we denote by 
dimM its dimension vector defined by (dimM)(x) := dim^ M(a;) for 
X e Aq. Observe the dimM G for each representation M of A. 
We call the elements of N'^" dimension vectors. A dimension vector d 
is called sincere if d(x) ^ for each x E Aq. 

By a relation in a quiver A we mean a /c-linear combination of paths 
of lengths at least 2 having a common starting vertex and a common 
terminating vertex. Note that each relation in a quiver A is a morphism 
in kA. A set R of relations in a quiver A is called minimal if {R\{p}) ^ 
{R) for each p E R, where for a set X of morphisms in A we denote 
by {X) the ideal in kA generated by X. Observe that each minimal 
set of relations is finite. By a bound quiver A we mean a quiver A 
together with a minimal set R of relations. Given a bound quiver A 
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we denote by /cA its path category, i.e. /cA := kA/{R). Moreover, 
for x,y G Aq we denote by kA{x, y) the space of the morphisms from 
X to y in A: A. By a representation of a bound quiver A we mean a 
functor from kA to mod k. In other words, a representation of A is a 
representation M of A such that M(p) = for each p G R. We denote 
the category of the representations of a bound quiver A by rep A. 
Moreover, we denote by ind A the full subcategory of rep A consisting 
of the indecomposable representations. It is known that rep A is an 
abclian Krull-Schmidt category. A bound quiver A' is called a convex 
subquiver of a bound quiver A if A' is a convex subquiver of A and 
R' — Rf] kA'. If A' is a convex subquiver of a bound quiver A, then 
rep A' can be naturally identified with an exact subcategory of rep A, 
where by an exact subcategory of rep A we mean a full subcategory X 
of rep A such that X is an abelian category and the inclusion functor 
X ^ rep A is exact. In particular, if A' is a convex subcategory of a 
tame bound quiver A, then A' is either tame or representation-finite 
(we say that a bound quiver A is tame/representation- finite if rep A 
is of tame/finite representation type, respectively). 

Let A be a bound quiver. For each vertex a; of A we denote by the 
simple representation at x, i.e. Sx{x) :— k, S^iy) '■— for y e Aq \ {x}, 
and Sx{o() := for a E Ai. More generally, if d is a dimension vector, 

then we put := ^^eAo ^^^^^ ■ Next, for each vertex x we denote 
by Px the projective representation at x defined in the following way: 
Px{y) '■= kA{x,y) for y E Aq and Px{(-o) is the composition (on the 
left) with uj for a morphism uj in kA. If M is a representation of A 
and X E Ao, then the map 

HomA(P.,M) ^ M{x), f ^ f{lx), 

is an isomorphism. In particular, this implies that 

}iom^{Px,Py) - kA{y,x) 

for any x,y E Aq. U uj E kA{y,x), we denote the corresponding map 
Px — > Py by Pu;. Observe that P^, is the composition (on the right) 
with u. Moreover, if M is a representation of A, then, under the 
above isomorphisms, }iom^{P^, M) equals M{uj). 

Let A be a bound quiver. If Pi — Pq — ^ ^ — ^ is a (fixed) minimal 
projective presentation of a representation M of A, then we put 

tM := Homfe(CokerHomA(/, Px),A;). 

xeAo 

We define r^M dually. Note that tM = (r^M = 0) if and only 
if M is projective (injective, respectively). Moreover, t~tX ~ X 
{tt~X ~ X) for each indecomposable representation X of A, which 
is not projective (injective, respectively). We say that a representation 
M of A is periodic if there exists n E N+ such that r^M ~ M. We 
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have a celebrated Auslander-Reiten formula [2, Section IV. 2], which 
implies that 

dimfc Ext^(M, N) = dim^ HomA(iV, rM) 

for any representations M and iV of A such that pdim^ M < 1. Dually, 
if M and N are representations of A and idimA N <1, then 

dimfc Ext]^{M, N) = dim^ HomA(r"A^, M). 

Let A be a bound quiver. We define the corresponding Tits forms 
(-, -)a : X Z^o ^ Z and qa : Z^" ^ Z by 

(d',d")A := Yl d'(a;)d"(a;) - ^ d'(.a)d"(to) + ^d'(5p)d"M 

for d',d" G Z^", and gA(d) := (d,d)A for d G Z^". Bongartz [10, 
Proposition 2.2] proved that 

(dim M, dimiV)A 

= dimfc HomA(M, N) - dimfc ExtA(M, iV) + dim^ ExtA(M, iV) 
for any M, A?^ G rep A, provided gl. dim A < 2. 

2. Separating exact subcategories 

In this section we present facts about sincere separating exact sub- 
categories, which we use in our considerations. For the proofs we refer 
to [27,31]. 

Let A be a bound quiver and X a full subcategory of ind A. We 
denote by add X the full subcategory of rep A formed by the direct 
sums of representations from X. We say that X is an exact subcategory 
of ind A if add A" is an exact subcategory of rep A. We put 

X^ := {X G ind A : HomA(A', X) = 0} 

and 

X^ := {X G ind A : HomA(A:, A') = 0}. 

Let A be a bound quiver. Following [27] we say that 7?. is a sincere 
separating exact subcategory of ind A provided the following condi- 
tions are satisfied: 

(1) 7^ is an exact subcategory of ind A consisting of periodic rep- 
resentations. 

(2) ind A = 7^+ U7^U7^_. 

(3) HomA(X,7^) 7^ for each X e n+ and E.omA{n,X) ^ for 
each X G TZ-. 

(4) P G TZ+ for each indecomposable projective representation P of 
A and / G TZ- for each indecomposable injective representation 
I of A. 
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Lenzing and de la Pefia [27] proved that there exists a sincere separating 
exact subcategory TZ of rep A if and only if A is concealed-canonical, 
i.e. rep A is equivalent to the category of modules over a concealed- 
canonical algebra. In particular, if this the case, then gl. dim A < 2. 

For the rest of the section we fix a bound quiver A and a sincere 
separating exact subcategory TZ of ind A. Moreover, we put V :— TZ+ 
and Q :— TZ^. Finally, we denote by P, R and Q the dimension vectors 
of the representations from addV, add 7^ and add Q, respectively. 

It is known that pdim^ P < 1 for each P eV and idim^ Q < 1 for 
each Q G Q. Next, pdim^ R = 1 and idim^ i? = 1 for each R E 71. 
Moreover, HomA(Q,'P) = 0. Since the categories V and Q are closed 
under the actions of r and r~, using the Auslander-Reiten formulas we 
also obtain that ExtX(P,7^ U Q) = = Ext]^{V U 7^, Q). The above 
properties imply that (d', d")A > if either d' G P and d" G R -|- Q 
or d' G P + R and d" G Q. Similarly (d", d')A < if either d' G P 
and d" G R or d' G R and d" G Q. 

We have TZ = U^ex^-^ ^'^^ some infinite set X and connected unis- 
erial categories TZx, A G X. For A G X we denote by the number of 
the pairwise non-isomorphic simple objects in addT^^- Then < oo. 
Let Xq := {A G X : r;^ > 1}. Then |Xo| < oo and we call the sequence 
{i^x)xe^ "the type of A (this definition does not depend on the choice 
of a sincere separating exact subcategory of ind A). It is known that 
A is tame if and only if X^agXo ^ — l^ol ~ ^' where by definition the 
empty sum equals 0. Observe that this implies that |Xo| < 4 provided 
A is tame. Moreover, if A is tame and |Xo| = 4, then A is of type 
(2,2,2,2). 

Fix A G X. If i?A,0) • • • ) Rx,rx-i chosen representatives of the 
isomorphisms classes of the simple objects in addT^A, then we may 
assume that rRx^i — R\i-i for each i G [0, ta — 1] , where we put i?A,j '■— 
Rx^iraodrx i E I'- For z G Z and n G M+ there exists a unique (up 
to isomorphism) representation in TZx, whose top and length in addT^^ 
are Rx^i and n, respectively. We fix such representation and denote 
it by Rx^}, and its dimension vector by e"^-. Then the composition 
factors of i?^"^ are (starting from the top): Rx,i, Rx,i-i, • • • , R\,i-{n-i)- 
Consequently, • = Eje[i-n+i,i] where e^j := dimRxj for j G Z. 
Moreover, if i G Z and m,n & N+, then we have an exact sequence 
^ ^ ^ i^g ^ 0. Obviously for each R e TZx there 

exist i G Z and n G N+ such that R ~ R^xl- Moreover, it is known that 
the vectors e^^oj • • • , ^x.rx-i linearly independent. Consequently, if 
R G addT^Ai then there exist uniquely determined Qq" , ■ ■ ■ , qf^^i G N 
such that dimi? = ^j^jo Observe that the numbers g^g, 

. . . , (lx,rx-i count the multiplicities in which the modules -Ra,o, • • • , 
R\,rx-i appear as composition factors in the Jordan-Holder filtration 
of R in the category addT?.^. 
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Let R = ©;^gx-^A ^oi Rx G addT^-A, A G X. Then we put : = 
q^'^ for A e X and i e [0, — 1]. Next, we put := mm{q^^ : 
i e [0,rx - 1]} for A e X, and ^ := - pf for A e X and i e 
[0,rA - 1]. Then 

A6X AeX ie[0,r-x-l] 

where h;^ := X^jg^or^-i] ^-^>» AeX. It is known that h;^ = for 
any A, e X. We denote this common value by h. Then 

dim R^p^h + Y^ ^ Px,i^M^ 

AeXi6[0,rx-l] 

where := ^xexPx- known that p^ = p^' and ^ = pfj for 

any AeX and i e [0,rx - 1], if R,R' e add??, and dimi? = dimR'. 
Consequently, for each d e R there exist uniquely determined p'* e N 
and p^j e N, A e X, i e [0,rA — 1], such that for each AeX there 
exists i e [0, ta — 1] with pf - = and 

d = p'»h + ^ Y Piiex,i. 
xeXie[o,rx-i] 

Let A, // e X, i, j e Z, and m,n E N+. Then 

dimfcHomA(i?g,i?J;;^) = ^iH<lx!l'Ldrx^<lf,'ij-m+l)modrx}- 

In particular, if A e X, i e [O.rx — 1], n e N+, R e add??, and 

HomA(-RA i*' 7^ 0> then ^ 0. Moreover, the above formula to- 
gether with the Auslander-Reiten formula imply that 

(^i,A'*^)A =PA,imodr>, ~ Px,{i-n) mod rx 

and 

Px,{i—n+l)modrx Px,{i+l) ^riodrx 

for any A e X, i e Z, n e N+, and d e R. Consequently, (h, d)A — 
= (d, h)A for each d e R. In particular, q^i^) — 0. On the other 
hand, if d e R, then q^i^) = if and only if d = p'^h. One also shows 
that h is indivisible. 

We also need some other properties of the Tits form, which we list 
now. 

Proposition 2.1. Assume that A is tame. Then the following hold. 

(1) q^{d) > for each dimension vector d. 

(2) // q^{d) = for a dimension vector d, then d e P U R U Q 
and (d, do)A + (do, d)A = for each dimension vector do- 

(3) //d e P U Q is non-zero, then (d, h)A 7^ 0. 
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(4) //d e P U Q ^s non-zero and q^i^) = 0, then (d, do) a 7^ for 
each non-zero vector do G R. In particular, 

|(d,h)A| > max{rA : A e X}. 

(5) // there exists non-zero d e P U Q such that q'A(d) = 0, then 
X^agXo ^ ^ I^oI — 2. In particular, if this is the case, then 
max{rA : A G X} > 2 and max{rx : X &X} — 2 if and only if 
A is of type (2,2,2,2). 

As a consequence we obtain the following. 

Corollary 2.2. Let d e R, d' e P + R and d" e Q. Ifp^ > 0, d' + 
d" = d and d" ^ 0, then (d", d')A <-p'^-l. Moreover, (d", d')A = 
_pd — 1 if and only if one of the following conditions is satisfied: 

(1) gA(d") = 1 and(d",d)A = —p^ {in particular, (d",h)A = —1), 
or 

(2) gA(d") = and {d", d)^^-2. 

Proof Put do := d - p^h. Then do G R. We have 

(d", d')A = (d", d - d")A = -gA(d") + p^id", h)A + (d", do)A. 

Now (d",do)A < 0. Moreover, (d",h)A < -1 andgA(d") > 0. Finally, 
if gA(d") = 0, then (d", h)A < —2, hence the inequality follows. 

These considerations also imply that (d", d')A = —p*^ — 1 if and only 
if one of the following conditions is satisfied: 

(1) gA(d") = 1, (d",h)A = -1 and (d",do)A = 0, or 

(2) gA(d") = 0, = 1, (d", h)A = -2 and (d", do)A = 0. 
These conditions immediately lead to (and follows from) the conditions 
given in the corollary. □ 

We call a dimension vector d e R singular if p'* > and there exists 
a dimension vector x such that x < d, q^i^) — and |(x, d)A| = 2. 
It follows from the below proposition that this definition coincides the 
the definition given in the introduction. 

Proposition 2.3. Let d E R be such that p^ > 0. 

(1) If d is singular, then d = h and A is of type (2, 2, 2, 2). 

(2) There exist d' e P + R and d" e Q such that d' + d" = d, 
qA^d") = and (d", d)A = —2, if and only if d is singular. 

Proof. (1) Fix a dimension vector x such that x < d, q^i^) = and 
|(x, d)A| = 2. Proposition 2.1(2) implies that x e P U R U Q. Since 
(x, d)A 7^ 0, X ^ R. In particular, x is non-zero. By symmetry, wc 
may assume x G P. If do := d — p'^h, then 2 = p^(x, h)A + (x, do)A- 
Using Proposition 2.1(4) and (5) we obtain that p'^ = 1 and do = 0, i.e. 
d = h. Moreover, A must be of type (2, 2, 2, 2) by Proposition 2.1(5). 

(2) One implication is obvious. Now assume there exists a dimension 
vector X such that x < d, g'A(x) = and |(x, d)A| = 2. Prom (1) we 
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know that d = h. Easy calculations show that (h, h — x)a = — (h, x)a 
and QaO^ — x) = 0. Thus, Proposition 2.1(2) imphes that, up to 
symmetry, x e P and h — x e Q, and the claim follows. □ 

We finish this section with an example showing that singular dimen- 
sion vectors exist. Fix Ae/c\{0,l}. Let A be the quiver 




and R := {aia2 + /3i/32 + 7i72)CH«2 + + XSi62}- Then A is 

a concealed-canonical algebra of type (2, 2, 2, 2) (in fact, it is one of 

2 
2 

Ringel's canonical algebras [30]). Moreover, the vector 3 1 is singular 

2 

1 

- the corresponding vector x can be taken to be 1 1 (the other choice 

1 

1 

IS 2 0). 

1 ^ 
1 

3. Varieties of representations 

First we recall some facts from algebraic geometry. Let X he a closed 
subvariety of an affine space A", n G N. We say that X is a. complete 
intersection if there exist polynomials fi,...,fm G /c[A"] such that 
dim X — n — m and 

{/ e fc[A"] : fix) = for each x E X} = (f^, . . . , U). 

For X E X we denote by T^X the tangent space to X at x. We will 
use the following consequences of Serre's criterion (see for example [22, 
Theorem 18.15]). 

Proposition 3.1. Let X be a complete intersection. 

(1) Let U :— {x & X : dim^T^X — dim A"}. Then X is normal if 
and only if dim{X \ U) < dim A" — 1. 

(2) Letfi,...,f^ek[X], 

y :— {x & X : fi{x) — for each i e [1, m]} 

and 

U := {x &y : dfi{x), . . . , dfm{x) are linearly independent}. 
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In particular, y is a complete intersection of dimension dim X — 



Let A be a bound quiver and d a dimension vector. By rep^(d) 
we denote the set of the representations M of A such that M{x) — 
/jd(a:) ^Qj, each a; e Aq. We may identify rep^(d) with the affine 
space HaeAi ^d(to)xd(sa)(A;)- The group GL(d) := HxeAo C^L(d(a;)) 
acts on rcp^(d) by conjugation: (g ■ M){a) := g{ta)M{a)g{sa)^^ for 
g G GL(d), M e rep^(d) and a G Ai. Under this action the GL(d)- 
orbits in rep^(d) correspond to the isomorphism classes of the repre- 
sentations of A with dimension vector d. We denote the GL(d)-orbit 
of a representation M G rep^(d) by 0{M). 

Now let A be a bound quiver and d a dimension vector. By rep^(d) 
we denote the intersection of rep^(d) with rep A. Then rep^(d) is a 
closed GL(d)-invariant subset of rep^(d) and we call it the variety of 
representations of A of dimension vector d. If M,N G rep^(d) and 
there exists an exact sequence — )■ A^' — )■ M — )> A^" — > such that 
~ iV' © A^", then A^ G 0(M). In particular, 5"^ G 0(M) for each 
M G rep^(d). If V is a GL(d)-invariant subset of rep^(d) and M G V, 
then we say that the orbit C(M) is maximal in V if 0{N) = 0{M) for 
each N eV such that C(M) C 0(N). 

Put aA(d) := dimGL(d) — q'A(d) for a bound quiver A and a di- 
mension vector d. The following facts were proved in [7]. 

Proposition 3.2. Let d be the dimension vector of a periodic repre- 
sentation over a tame concealed- canonical bound quiver A. Then the 
following hold. 

(1) The variety rcp^(d) is a normal complete intersection of di- 
mension a^{d). 

(2) // there exists M G repaid) such that Ext^(M,M) = 0, then 
0{M) = repA(d). 

(3) // Ext A (M,M) 7^ for each M G repA(d), then there exists a 
convex subquiver A' of A and a sincere separating exact sub- 
category 71' in rep A' such that M G add TZ' for each maximal 
orbit 0{M) mrepA.(d). 

(4) If M & repA(d), then there is a canonical epimorphism 



Let d be the dimension vector of a periodic module over a tame 
concealed-canonical bound quiver A. The above theorem implies that 
in order to prove that 0{M) is a normal complete intersection for 
each maximal orbit 0{M) in repA(d), we may assume that d is the 



m. 



□ 



TIM ■■ Tm rcp^(d) ^ Exti (M,M) 



with kernel TmO{M). 



□ 
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dimension vector of a direct sum of modules from a sincere separating 
exact subcategory of ind A. Thus we fix a tame bound quiver A and 
a sincere separating exact subcategory TZ of ind A. We will use freely 
notation introduced in Section 2. It follows from [7, Section 3] that if 
d e R, then M e add 7^ for each maximal orbit 0{M) in rep^(d). 

For a full subcategory X of ind A and a dimension vector d we denote 
by X{d) the intersection of rep^(d) with add A'. If d', d' e N^°, C C 
rcp^(d') and C" C rep^(d"), then we denote by C ®C" the subset of 
rcp^(d' + d") consisting of all M such that M ^ M' © M" for some 
M' e C and M" G C". The following fact follows from [4, Section 3]. 

Proposition 3.3. Ifd' G P + R and d" G Q, then (PU7^)(d') © Q(d") 
is an irreducible constructihle subset of rep^(d' + d") of dimension 
aA(d) + (d",d')A. □ 

Using Corollary 2.2 we immediately get the following. 

Corollary 3.4. Let d G R, d' G P + R and d" G Q. // p'^ > 0, 

d' + d" = d and d" ^ 0, then 

dim((P U 7^)(d') © Q(d")) < aA(d) - / - 1. 

Moreover, the equality holds if and only if one of the following condi- 
tions is satisfied: 

(1) q^{d") — 1 and {d",d)^ = —p^ {in particular, (d",h)A — — 1), 
or 

(2) gA(d") = and (d",d)A = —2 {in particular, A is of type 
(2,2,2,2) and d = h). □ 

Observe that 

repA(d) = 7^(d) U |J (7^ U 7^)(d') Q(d") 

d'GP+R, d"eQ 

d'+d"=d, d'Vo 

for each d G R. Indeed, if M G (7^U7^)(d) and we write M = M'®M" 
for M' G addT' and M" G addTe, then (dimM',h)A = (d,h)A = 0, 
hence M' = by Proposition 2.1(3). The above formula together with 
Corollary 3.4 implies that dim(repA(d) \ 72.(d)) < aA(d) — p'^ — 1. 

4. Stability and semi-invariants 

Let A be a quiver and e eZ^^. We treat 6 as a Z-linear function 
— >■ Z in a usual way. A representation M of A is called ^-semi- 
stable if ^(dimM) = and ^^(dimiV) > for each subrepresentation 
N of M . The full subcategory of ^-semi-stable representations of A is 
an exact subcategory of rep A. Two 6'-semi-stable representations are 
called S-equivalent if they have the same composition factors within 
this category. If d is a dimension vector, then by a semi-invariant of 
weight 6 we mean every function c G A;[repA(d)] such that c{g ■ M) — 
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X^{g)c{M) for any g G GL(d) and M G rep^(d), where x^io) '■= 
U.eA,idetg{x)y(^UorgeGL{d). 

Now let A be a bound quiver and d a dimension vector. If ^ e Z^°, 
then a function c G A;[rep^(d)] is called a semi- invariant of weight 9 
if c is a restriction of a semi-invariant of weight 6 from /i;[rep^(d)]. 
This definition differs from the definition used in other papers on the 
subject (see for example [5, 18-20]), however it is consistent with King's 
approach [24]. We denote the space of the semi-invariants of weight 6 
by S1[A, d]e. lie e Z^", then we put Ag{d) := 0^^^^ S1[A, d^. Note 
that Aei(d) is a graded ring. For M G rep^(d) we denote by Xq{M) 
the ideal in Ae(d) generated by the homogeneous elements c such that 
c(M) = 0. 

The following results were proved in [24] . 

Proposition 4.1. Let A be a bound quiver, d a dimension vector, and 
e G Z^». 

(1) If M & rep^(d), then M is 9 -semi- stable if and only if there 
exists a semi-invariant c of weight nO for some n G N+ such 
that c{M) ^ 0. 

(2) If M,N G rep^(d) are 9 -semi-stable, then M and N are S- 
equivalent if and only ifXe{M) —Ig{N). □ 

Now we recall a construction from [19]. Let A be a bound quiver. 
Fix a representation V of A. We define 9^ : — > Z by the condition 

9^ (dim M) = - dim^ HomA(V^, M) + dim^ HomA(M, tV) 

for each representation M of A. The Auslander-Reiten formula implies 
that 9^ = -{dimV, -) if pdim^ V < 1. Dually, if idimA V < 1, then 
9^ = (-,dimr\/). 

Now let d be a dimension vector. If ^^(d) = 0, then we define a 

function G A;[repA(d)] in the following way. Let Pi ^ Po ^ ^ 
be a minimal projective presentation of V. There exist vertices xi, . . . , 
Xn,yi,...,ymOiA such that Pi = [i,„] Pxt and Pq = ®je[i,m] Pyy 
Moreover, there exist G kA{yj,Xi), i G [1, n], j G [1, m], such that 
/ = [Pcji,j]je[i,m]- Consequently, if M G repA(d), then 

HomA(/,M)= [MK,)],,[i,„] : M{yj) ^ M(x,). 

In addition, one shows dim^ Ker HomA(/, M) = dim^ HomA(V^, M) 
and dimfe Coker HomA(/, M) = dim^ HomA(M, rV^). Consequently, 

J2 dimfc M{yj) - ^inife M{xi) 

je[l,m] je[l,n] 

= dimfc HomA(M, tV) - dim^ HomA(V^, M) = ^^(d) = 0. 
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Thus, it makes sense to define G A;[rep_^(d)] by 

c^(M) := detHomA(/,M) 

for M e repA(d). Note that c^(M) = if and only if Horn a (V^, M) ^ 
0. It is known that e SI[A,d]5(v. This function depends on the 
choice of /, but functions obtained for different /'s differ only by non- 
zero scalars. In fact, we could start with an arbitrary projective pre- 

sentation Pi ^ Pq ^ V Q oi V such that dinifc HomA(-Pi, M) = 
dim,fc HomA(-Po5 As an easy consequence we obtain the following 
(see [18, Proposition 2] and [19, Lemma 3.3]). 

Lemma 4.2. Let A. be a bound quiver and d a dimension vector. 

(1) IfV = Vi® V2, e^{d) = and 7^ 0, then e^'{d) = = 
^^(d). 

(2) If ^Vi^V ^V2^0 and e^{d) = ^^i(d) = ^^^(d) = 0, 
then ^ c^^c^\ □ 

The following result follows from the proof of [19, Theorem 3.2] (note 
that the assumption about the characteristic of k made in [19, Theo- 
rem 3.2] is only necessary for surjectivity of the restriction morphism, 
which we have for free with our definition of semi- invariants) . 

Proposition 4.3. Let A be a bound quiver and d a dimension vector. 
Ifee Z^o, then the space SI [A, d]o is spanned by the functions for 
y e rep A such that 9^ ^9. □ 

Now we apply our considerations in the case of tame concealed- 
canonical quivers. For the rest of the section we fix a tame bound 
quiver A and a sincere separating exact subcategory TZ of ind A. We 
will use notation introduced in Section 2. We fix d e R such that 
p'* > and put 9 := -(h, -)a. 

First observe that M G rep A is ^-semi-stable if and only if M G 
add TZ. Consequently, if M and N are ^^-semi-stable, then M and N are 
S-equivalent if and only if qf^'- = q^- for any A G X and i G [0,r\ — 1]. 
In particular, there are only finitely many isomorphism classes in each 
S-equi valence class. 

Now fix V G rep A such that 6^ = nd for some n G N and ^ 
0. We show that V G add 7?. and dimV^ = nh. Indeed, write V = 
P e i? e Q for P G addT', R G add7^ and Q G add Q. li P ^ 0, 
then e^{d) < -(dimP,h)A < by Proposition 2.1(3), hence = 
by Lemma 4.2(1). Consequently, P = and, dually, Q = 0, thus 
V = R E add 7^. In particular, pdimA V = 1, hence — (nh, —)= 6^ = 
— (dim V, — )a, and this implies that diml/ = nh. 

For A G X we denote by Ax{d) the set of all i G [0,rx — 1] such 
that j = 0. Next, for i G A\{d) we denote by nA,j the minimal 

n G N+ such that pi^^i_r,)^odr^ = 0' ^^d put Vx,i := R^^i''^ ■ Observe 
that ^^^.'(d) = -(dimyx,i, d)A = for any A G X and i G A(d). We 
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put Cx^i := c^^'^ for A G X and i G ^^(d). More generally, if A G X and 
J Q Ax{d), then we put Vx,j := 0igj Vx,i and cx,j := c^^--' = Uiej 
In particular, we put Vx := VA,^;^(d) and Cx := Cx^Axid) for A G X. Then 
cx G SI[A, d]g for each A G X. Observe that Lemma 4.2(2) implies that 

Cx = c^^'' for any A G X and i G v4.A(d). More general, = c^^-^ for 
any p G N+, A G X and i G Ax{d). 

We have the following information about A6i(d). 

Proposition 4.4. Let d G R &e such that > Q and 9 := — (h, — ). 
Then Ag{d) is generated by the functions cx, A G X. 

Proof. First we show that if A G X, i G Z, n G N+, 9^-' (d) = and 

(n) 

C^^.> ^ 0, then pt„„oar, = PA,(.-„)modr, and pfj^^dr, > Piimodr, fo^ 

each j G — n + l,z — 1]. Indeed, the former condition follows from 

the equality (e^"i',d) = — (d) = 0. Moreover, if there exists j G 

[i-n+l,i-l] such that pf j < p > then HomA {R^J ,R)j^O 

for each R G 7^(d), hence c^.^ = 0. 

Wc have the following important consequence of the above obscrva- 

tion. Assume that A G X, i G [0, Ta — 1], p G N+ and c ^-^ 7^ 0. Then 

•j 



Pxi ^ Pxi for sach J G [0, ta — 1], hence i G .AA(d). In particular. 



C = c\. 

Now assume that R G rep A, 9^ — n9 for some n G N, and c''^ 7^ 0. 
We know that R G add 7^ and dim R = nh. li R = ^xen -^a for R\ £ 
Tlx, A G X, then dimi?A = Px^ for each A G X. We show that c^^ = 
c^^ for each A G X, hence the claim will follow from Lemma 4.2(1). 

Fix A G X and write Rx = 0jg[i -Ra"/'' ^ H, ■ ■ ■ ,im ^ 

and ni, . . . , G N+. If uj = (mod rx) for each j G [1, wi], then the 
claim follows. Thus assume ni ^ (mod rx)- Since dimi?A = pf^, 
we may assume that i2 = ii — ni. Then we have an exact sequence 
^ ^x,i2 ^a7i^"'^ ^ ^a7? ^ 0' hence Lemma 4.2(2) implies that 
= c-^', where i?' := © ©,^rs„i ^1""^- Now the claim follows 

by induction. □ 

As a consequence we get the following. 

Corollary 4.5. Let d G R &e such that p'^ > and 9 :— — (h, — ). 
If M,N G TZ{d), then M and N are S-equivalent if and only if there 
exists II & k such that cx{M) — iicx{N) for each A G X. 

Proof. Follows immediately form Propositions 4.1(2) and 4.4. □ 

We list some consequences of the description of the maximal orbits in 
repA.(d) given in [7, Proposition 5] (see also [30, Theorem 3.5]). Recall 
that M G Tl{d) for each maximal orbit 0{M) in repA.(d). Next, 
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if 0{M) is maximal in rep^ (d), then dimO(M) = aA(d) - p"^. In 
particular, the maximal orbits in repA(d) coincide with the orbits of 
maximal dimension. Moreover, if A G X, then there exists at most one 
i e Ax{d) such that cx,i{M) = 0. We put 

i(M) := {(A,i) : A e X, i e Ax(d) and cx,i{M) = 0}, 

and denote by X(M) the image of X(M) under the projection on the 
first coordinate. If A G X, then A G X(Af) if and only if ^ 0. In 
particular, |X(M)| < p'^. Finally, if M,N G repA(d) are S-equivalent, 
the orbits 0{M) and 0{N) are maximal, and X(M) C X(7V), then 
C(M) = 0{N). 

For a representation y of A such that ^^(d) = we denote by 'H^(d) 
the zero set of c^, i.e. n^{d) := {M G repaid) : HomA(V^^M) 0}. 
Moreover, we say that an exact sequence O^M^A^'^L^Ois 
l^-exact if the induced sequence 

^ HomA(V^, M) ^ HomA(V, M) ^ HomA(V, L) ^ 
is exact. We need the following version of [29, Corollary 7.4]. 

Proposition 4.6. Let V be a representation of A. such that 0^{d) — 0. 

(1) //M G n^{d) and dim^ HomA(V^^ M) = 1, then 

Ker dc^{M) = {Z G Tm repA(d) : ttmI^) is V -exact}. 

(2) IfM G Vy{d) anc/ dimfcHomA(F,M) > 2, then Ker dc^ (M) = 
Tm repA(d). 

5. Auxiliary lemmas 

Throughout this section we fix a tame bound quiver A and a sin- 
cere separating exact subcategory TZ of ind A. We use freely notation 
introduced in Section 2. We also fix d G R such that p :— p^ > 0. 

Lemma 5.1. // Aq, . . . , Ap G X are pairwise different, then 

Pi n^'^i (d) = Pi n""' (d) = IJ (p u 7^) (d') © Q{d") . 

ie[o,p] Aex d'GP+R, d"eQ 

d'+d"=d, d'VO 

Proof Obviously, (d) 5 flAex^'^Hd)- 

Now fix A G X, d' G P + R and d" G Q such that d' + d" = d and 
d" ^0. If P G V{d') and Q G Q(d"), then Proposition 2.1(3) imphes 

that 

dimfc Rom^iVx, P ® Q) > dim^ RomAiVx, Q) = (h, d")A > 0, 

hence {V U 7^)(d') © Q(d") C ?/^^(d). 

Finally assume that R G 7^(d) n fl/eio.p] ^^'"^ (d)- Then pf^ > for 
each / G [0,p]. Consequently, p^ > ^^(^[opjPAi > ^ contradiction. □ 
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Corollary 5.2. Let Aq, . • • , Ap G X be pairwise different. If C is an 
irreducible component of f]i^^Q p^H^^i- (d) , then dimC = aA(d) — p — 1 
and ther e exist g P + R an d d" e Q such that d' + d" = d, d" 7^ 
and C = (^Tj^)(dyeQ(d^. 

Proof. It follows from Lemma 5.1 that C is an irreducible component 
of (PTj^0(dO^"2(d^ for some d' G P + R and d" G Q such that 
d' + d" = d and d" ^ 0. Since {Vun){d ') © Q{d") is irreducible by 

Proposition 3.3, C = JVUTZj{d^fWQ{¥) ■ 

We know from Proposition 3.2(1) that dimrep^(d) = aA(d), hence 
KruU's Principal Ideal Theorem [25, Section V.3] imphes that dimC > 
a A (d) - p - 1 . On the other hand, dim C = dim {V U 7^) (d') © Q{d") < 
OA(d) — p — 1 by Corollary 3.4, and the claim follows. □ 

Lemma 5.3. Let Aq, . . . , Ap G X 6e pairwise different and Ji C A\i{d), 
I G [0,p]. If C is an irreducible component 0/ flielop] (*^)' thenC 

is an irreducible component 0/ n^gjQp] (d). 

Proof. Similarly as in the proof of Corollary 5.2 we show that dimC > 
flA(d) — p — 1. On the other hand, C C (^^^jq^j "H^^' (d), hence there 
exists an irreducible component C of fl/elOp] (^) ^^^^ that C C C'. 
Corollary 5.2 says that dimC = aA(d) — p — 1, hence C = C. □ 

Corollary 5.4. Let \q, . . . ,Xp G X be pairwise different and Ji C 
Ax^{d), I G [0,p]. IfC is an irreducible component o/Higiop] (d), 
then dimC = aA(d) — p — 1 and there exist d' G P + R and d" G Q 
such that d' + d" = d, d" ^0 andC^ (^Tj^)(dy©"Q(d^- 

Proof. Immediate from Lemma 5.3 and Corollary 5.2. □ 

Proposition 5.5. Let Aq, . . . , Ap G X be pairwise different and Ji C 
Ax.id), I G [0,p]. If d' eP + R, d" G Q and (Plj^0(dO^Q(d^ 
an irreducible component off^^^^^^^ "H^-^'-'i (d), then {dimVx^j^, d")^ > 

for each I G [0,p]- Moreover, if (dim Va,,J;, d")A = 1 for each I G 
[0,p], then there exists M G (PU7^)(d') © Q{d") such that dcxo,jo{M), 
. . . , dcXp,jp{M) are linearly independent. 

Proof. We know from Lemma 5.3 that {V U 7^)(d') © Q{d") is an irre- 
ducible component of Clislo,?]^^^' (^)- ^ix M G (P U 7^)(d') © Q{d") 
such that C(M) is maximal in f]ielo,p] ^^^'(d)- Write M = P © Q for 
Pe{VU 7^)(d') and Q G Q(d"). 

First we prove that HomA(yX(,jp P) = for each I G [0,p]. This will 
imply in particular that 

(dim^A^jp d")A = dimjfc HomA(l^A(,jp <5) = dim^ HomA(l^A,,jp M) > 

for each I G [0,p]. Write P = P' © for P' G addP and R G addP, 
and assume HomA(T4j,i, P) for some I G [0,p] and i G Ji. Then 
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j > 0. If > 0, then (dim Q, dim i?) a < (d",h)A < by Propo- 
sition 2.1(3) (recall that d" 7^ by Corollary 5.4). Otherwise, we 
fix n e N such that ?J(,+„)^„dr-, = and ?J(,+,)^„dr, > ^r each 
j e [l,n- 1]. Then 

(d", e^,,,+„_i)A = (d - dimP' - dim it:, e^^,,+„_i)A 

< -Pt(i+n)m0dr, " (dim P', e^^^+^.i) A - Qx^ < 0- 

This again implies that (dim Q, dim i?) a < 0, hence Ext]^{Q,R) ^ 
0. If — > i? — > Q' — > (5 — > is a non-spht exact sequence, then 
P'®Q' e nz6[o,p] (d), since dinife HomA(T^A, Q') > (h, dim Q')a = 
(h,d")A > for each A G X. Moreover, M G 0{P' Q') and M 9^ 
-P' © Q', which contradicts the maximality of 0{M). 

Now we assume that (dim Va;,j,, d")A = 1 for each / G [0,p] and 
prove that under this assumption dcxo,jo{M), . . . , dcxp^jp{M) are lin- 
early independent. Our assumption implies that 

dimfcHomA(VA,,j,,M) = dim^ HomA(VA;,jp Q) = 1 

for each / G [0,p]. Let K := n,6[o,p] «9c^^'"'' (^^) ^ Tm repA(d). We 
have the canonical inclusion ExtA(Q, -P) ^ ExtA(^, M), which sends 
an exact sequence ^ :0— >P— >A^— ^Q— >0to the sequence 

Using Proposition 4.6(1) we obtain that ^' G tim^K) if and only if 
dimfc IIomA(VA,,j;, iV) — 1 for each I G [0,p]. In particular, this imphes 
that N G n;e[o,p] ^^^''^'(d). By the maximality of 0(M), N M, i.e. 
^ splits, thus Proposition 3.2(4) imphes 

codimTj^^rep^(d) K > dimfc Ext^((5, P) > -(d", d')A. 

It follows from Corollary 2.2 that — (d", d')A > P + 1, and this finishes 
the proof. □ 

Let Ao,...,Ap G X be pairwise different and J; C Axi{d), I G 
[0,p]. Assume that {V UTl){d') © Q{d") is an irreducible component 
of nze[o,p] (d) for d' G P + R and d" G Q. We know from Corol- 

lary 5.4 that dim(P U 7^)(d') © Q(d") = aA(d) - p - 1. Consequently, 
either gA(d") = or gA(d") = 1 by Corollary 3.4. Wc prove that in 
the latter case there is always M e {V U 7^)(d') © Q(d") such that 
dcxo,jo{M), dcxp,jj,{M) are hnearly independent. 

Corollary 5.6. Let Xq, . . . ,Xp G X be pairwise different and Ji C 
Ax,{d), I G [0,p]. Ifd' eP + R, d" G Q, (Vun){d') © Q{d") is an 
irreducible component of f]i^^Qp^'HX^i'''i{d), and qA{d") — 1, then there 
exists M e{VU 7^)(d') © Q{d") such that dcxo,jo{M), dcxp,jp{M) 
are linearly independent. 
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Proof. From the previous proposition we know that (dim Va,,Jp d")A > 

for each I e [0,p]. On the other hand, Corollary 3.4 imphes that 
(dim Va,,J;, d")A < (h, d")A = 1 for each / G [0,p]. Consequently, 
(dim Va,,Jp d")A = 1 for each I e [0,p], and the claim follows from the 
previous proposition. □ 

6. NONSINGULAR DIMENSION VECTORS 

Throughout this section we fix a sincere separating exact subcat- 
egory TZ of ind A for a tame bound quiver A and use freely nota- 
tion introduced in Section 2. We also fix d e R such that p :— 
p'* > 0. Finally, we assume that d is not singular. This assump- 
tion implies, according to Proposition 2.3(2) and Corollary 3.4, that 
q^{d") = 1 for any d' G P + R and d" G Q such that d' + d" = d and 
dim{V U 7^)(d') © Q{d") = aA(d) — p — 1. Consequently, we have the 
following. 

Lemma 6.1. Let Aq, . . . , Ap G X 6e pairwise different and Ji C A\^{d), 

1 G [0,p]. If C is an irreducible component of f^i^^Qp^T-L^^'-'i^d), then 
there exists M & C such that dcx^^j^{M), . . . , dc\^j^{M) are linearly 
independent. 

Proof. W'c know from CoroUary 5.4 that dimC = o,^{d) — p — 1 and 
C = dta^^pIj^J(dO^Q(d^ for d' G P + R and d" G Q. Since 
?A(d") = 1, the claim follows from Corollary 5.6. □ 

Corollary 6.2. // Aq, . . . , Ap G X are pairwise different, then 

|/ G A;[repA(d)] : /(M) = for each M e f] n^'i{d)^ 

ie[o,p] 

= (cao,---,caJ. 

Proof. We know from Proposition 3.2(1) that repA(d) is a complete 
intersection. Moreover, the previous lemma implies that for each irre- 
ducible component C of fligfop] (*^) there exists M E C such that 
dcxg{M), dcxp{M) are hnearly independent. Consequently, the 
claim follows from Propositions 3.1(2). □ 

Proposition 6.3. Let Aq, . . . , Ap G X be pairwise different. If M,N G 
7^(d) and there exists /i & k such that cA((M) = /xcA((iV) for each 
I G [0,p], then M and N are S-equivalent. 

Proof. Lemma 5.1 imphes that cx^{M) ^ for some I G [0,p]. Without 
loss of generality we may assume that c\^ (M) ^ 0. Then // 7^ and 

cao(A^) ^ 0. For I G [0,p] we put := g^. Observe that cx,{N) = 
HiCxq^N) for each / G [O.p]. 

Fix A G X, and put /i' := ^^^fl}-, and /i" := -^^^ttft. We know 
from Lemma 5.1 that cx{V) — for each V G fliefopl ^^^'(*^)' hence 
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Corollary 6.2 implies that there exist /o, • • • , /p G A;[rep^(d)] such that 
Ca = E/e[o,p] fic\r Put / := Ei&[o,p] ^^ifi- Then 

c,{g-M)= J2 Mg ■ M)cx,{g ■ M) 

imp] 

= J2 l^iMa ■ M)c,,{g ■ M) = f{g ■ M) ■ cx,{g ■ M) 

for each g e GL(d). Recall that cx and cx^ are semi-invariants of 
the same weight, hence f{g • M) — -^^^"^ — jJ-' for each g e GL(d). 

Simila rly, f{g ■ N) = fi" for each g e GL(d). Since 0{M) n 0{N) ^ 
{S^ e 0{M) n 0{N)), ii' = ii". Consequently, 

cxiM) = //'cAo(M) = fi"ficx,iN) = ncxiN), 

and the claim follows from Corollary 4.5. □ 

Proposition 6.4. // 0{M) C rep^(d) is maximal, then there exist 
Ao, ...,Ap e X, io e Ao(d), ip e Ap(d), and Hi, . . . , Hp e A;, 

{/ e A;[rep^(d)] : /(A^) = for each N e 0{M)} 

(cAi,ii A'lCAojio) ■ ■ ■ ) '^Ap,ip A*pC^o,«o)" 

In particular, 0{M) is a complete intersection of dimension a /^{d)— p. 

Proof. First, let (Ai,ii), . . . , (Ag,ig) be the pairwise different elements 
of X(M). We put /x; := for Z e [I,?]- Next, we choose pairwise 
different Ao, Ag+i, . . . , Ap G X \ (Xq U X(M)). Finally, we put io := 0, 

and ii := and := for Z e [g + 

Let 

V:^{N e rep^(d) : CA,,i,(A^) - liiCx,,io{N) = for each Z G 

and V := Dieio.p] ^^^'''Kd)- Obviously V C V. Moreover, every irre- 
ducible component of V has dimension a^{d) —p—1 by Corollary 5.4, 
hence Krull's Principal Ideal Theorem implies that every irreducible 
component of V has dimension aA(d) — p. In particular. Corollary 3.4 
implies that Tl{d) fl C is a non-empty open subset of C for each irre- 
ducible component C of V. Note that cxi{R) — c^^iM) ^^i 
I e [0,p] and it! e Tl{d) fl V, thus Proposition 6.3 imphes that it! is 
S-equivalent to M for each i? e V fl 7l{d). Consequently, there are 
only finitely many orbits in 7^(d) fl V. This implies that every irre- 
ducible component of V is of the form 0{R) for some R G 7^(d). Fix 
R G 7^(d) such that 0{R) is an irreducible component of V. Since 
dimO{R) — a^{d) — p, 0{R) is maximal in repA(it!). Moreover, R 
and M are S-equi valent and X(M) C X(i?), hence 0{R) = 0{M). 
Consequently, V = 0{M). 
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Lemma 6.1 implies that there exists N E V such that c?CAo,io(iV), 
dcx^^i^{N) are Hnearly independent. Consequently, there exists 
N eV such that dcx,4,{N)-iiidcxo,io{N), . . . , dcxp^ip{N)-fij,dcx,,,i„{N) 
are linearly independent. Since rep^(d) is a complete intersection by 
Proposition 3.2(1), the claim follows from Proposition 3.1(2). □ 

Proposition 6.5. If 0{M) C rep^(d) is maximal, then the variety 

0{M) is normal. 

Proof. We know form Proposition 6.4 that there exist Aq, . . . , Ap G X, 
io e .AAo(d), . .. , ip e Axp{d), and /^i, . . . , /Xp G /c, such that 

{/ e A;[rep^(d)] : f(N) = for each N e 0{M)} 

= {cx,,ii - f^iCxo,io ■■ I e [l,p]). 

Let 

U:={N e 0{M) : dim^ T^C(M) = dimO(M)}. 

Equivalcntly, U is the set of all G 0{M) such that dcxj^^i^{N) — 
Aii<9cAo,io(^), • • • , dcxp,ipiN) - (ipdcxo,io{ N) are hnearly independent. 

By general theory 0{M) C hence 0{M) \ U C V U V", where 
V := DieM ^^^"''(d) ^" (0(^)\0(^))n7e(d). Lemma 6.1 
says that for each irreducible component C of V there exists N E C such 
that 9cAo,io(A^), . . . , dcXp,ip{N) are linearly independent. In particular, 
W n C 7^ for each each irreducible component C of V, thus dim(V' \ 
U) < dimV' = aA(d) — p — 1 = dimO(M) — 1. On the other hand, 
if i? e V", then R is S-equivalent to M by Proposition 6.3, hence V" 
is a union of finitely many orbits. Moreover, [41, Theorem 1.1] implies 
that R eU foT each R e V" such that dimC(i?) = dimC(M) - 1. 
Concluding, we obtain that dim((9(M) \V() < dimO{M) — 1. Since 
0{M) is a complete intersection by Proposition 6.4, the claim follows 
from Proposition 3.1(1). □ 

7. Singular dimension vector 

Throughout this section we fix a sincere separating exact subcate- 
gory TZ of ind A for a tame bound quiver A and use freely notation 
introduced in Section 2. We also fix singular d e R. Proposition 2.3(1) 
implies that d = h and A is of type (2, 2, 2, 2). Let 0{M) C repA(h) 
be maximal. It follows from [7, Proposition 5] that M ~ R^^f for 
some A e X and i G [0,rx — 1]. We prove that 0{M) is normal if and 
only if rx = 2. Note that X(M) — {(A, j)}, where j :— {i — 1) modr^. 
Moreover, Vxj = R\,j- 

Proposition 7.1. We have 

if e ^[repA(h)] : f{N) = for each N e 0{M)} = {cxj). 
In particular, 0{M) is a complete intersection of dimension a ^{h) — l. 
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Proof. We know from Proposition 3.2(1) that rep^(h) is an irreducible 
variety of dimension aA(h), hence KruU's Principal Ideal Theorem 
implies that every irreducible component of 'H^-^j (h) has dimension 
flA(h) — 1. Observe that 7^(h) fl 'H^^j(h) is a union of finitely many 
orbits. Since dim(7/^^.^ (h) \ 7^(h)) < a^ih) - 2 by Corollary 3.4, this 
implies that every irreducible component of V is of the form 0{K) for 
a maximal orbit 0{R) in repA(h). However, [7, Proposition 5] implies 
that 0{M) is a unique maximal orbit in repA(h) which is contained in 
n^^'^ih), hence n^^^h) = 0{M). 

We know that dim/; Ext^(M, M) = 1 and the non-split exact se- 
quences in Ext^(M, M) are of the form ^rO^M^A^^M^O 
with N ~ Rfl^^- In particular, dimj^ HomA(Vxj, iV) = 1. Conse- 
quently, the sequence O^M^M©M^M^Oisthe only Vxj- 
exact sequence in Ext^(M, M). Propositions 4.6(1) and 3.2(4) imply 
that dc^^-^{M) is non-zero. Since rep^(h) is a complete intersection 
by Proposition 3.2(1), the claim follows from Proposition 3.1(2). □ 

Proposition 7.2. Let 

U:={N e 0{M) : dim^ TnO{M) = dim 0{M)}. 

(1) Ifrx = 1, then dimO(M) \U = dim C>(M) - 1. In particular, 
0{M) is not normal. 

(2) Ifrx = 2, then dimO(M) \U < dimO(M) - 1. In particular, 
0{M) is normal. 

Proof. Fix A' G X \ (Xq U {A}). Lemma 5.1 implies that rcp^(h) \ 
7^(h) = 'H^^(h)n'H^^'(h). By gen eral theory C(M) C U, hence 0{M)\ 
U C V'UV", where V := (0(M) \0(M)) n7^(h) and V" := 7^^^>^(h)n 
'H^^'(h). We know that V' is a union of finitely many orbits. Moreover, 
[41, Theorem 1.1] implies that R & U for each R E V such that 
dimO(i?) = dimC>(M) - 1. Consequently, dim(V' \ U) < dimV < 
dimC(M) - 1. 

Now let C be an irreducible component of V". Corollary 5.4 implies 
that dimC = a^{h) — 2 and there exist d' e P and d" e Q such that 
C = (Plj^0(dO©~Q(d^- Moreover, Corollary 3.4 implies that either 
Q'A(d") = 1 or gA(d") — 0. If q^{d") — 1, then Corollary 5.6 implies 
that UnC^0. 

Assume that gA(d") = (according to Proposition 2.3(2) this case 
appears since d" is singular). Then (h, d")A = 2 by Corollary 3.4. 
If rx = 2, then (dim Vaj, d")A = 1- Indeed, we know from Propo- 
sition 5.5 that (dim d")A > 0. On the other hand. Proposi- 
tion 2.1(4) implies that' (dimVAj,d")A = (h,d")A - (eA,i,d")A < 
2 — 1 = 1. Consequently, Proposition 5.5 impfies that U DC in 
this case. On the other hand, if rx — 1, then dim^ HomA(V^Aj, -^) > 
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(h,d")A = 2 for each N e C. Thus, in this case U nC = by 
Proposition 4.6(2). 

Concluding, dim{0{M) \ U) < dimC)( M) - 1 if and only if rx = 2. 
Since we know from Proposition 7.1 that 0{M) is a complete inter- 
section, the claims about (non-) normality of 0{M) follow immediately 
from Proposition 3.1(1). □ 

We finish this section with a remark about relationship between the 
degenerations and the hom-order. Let A' be a bound quiver and do 
a dimension vector. If [/, y e repA/(do), then we say that F is a de- 
generation of U (and write U <deg V) if 0(y) C 0{U). Similarly, we 
write U <hom V if dimkB.om^i{X,U) < dim^ HomA'(^, ^) for each 
X G rep A' (cquivalcntly, dim^ HomA'(f/, ^) < dim^ HomA'(K -^) for 
each X e rep A'). Both <deg and <hom induce partial orders in the 
set of the isomorphism classes of the representations of A'. It is also 
known that <deg implies <hom- The reverse implication is not true in 
general, however <hom implies <deg if either A' is of finite represen- 
tation type [38] or gl. dim A' = 1 and A' is of tame representation 
type [13] (i.e. R — and A' is an Euclidean quiver). We present an 
example showing that <hom does not imply <deg for the tame concealed 
canonical algebras in general. 

We return to the setup of this section and assume that rx = 2. Let 
R := R^Q © R^ ^. Moreover, we fix d" e Q such that gA(d") = 0, 
(h, d")A = 2 and d' e P, where d' := h - d". If e Vid') Q(d"), 
then 

dimfe HomA(-RA',i', ^) < 1 < dim^ HomA(-RA',j', -^) 
for any A' G X and i' G [0,rv — 1]. By adapting [14, Corollary 4.2] to 
the considered situation, we get that R <hom N for each G V{d') © 
Q(d"). On the other hand, 

dimC(i?) = aA(d) - 2 = dim7'(d') © Q(d"), 

hence dimP(d') © Q(d") ^ 0{R), i.e. there exists N G dim:P(d') © 
Q{d") such that R ^deg ^■ 

8. Proof of Theorem 4 

Let M be a periodic representation of a tame concealed-canonical 
quiver A such that 0{M) is maximal. 

If Ext^ (M, M) = , then C(M) = repA(d) by Proposition 3.2(2). 
Consequently, 0{M) is a normal complete intersection by Proposi- 
tion 3.2(1). Observe, that dimM is not singular in this case. 

Now assume ExtA(M,M) ^ 0. Using Proposition 3.2(3) we may 
assume that M G add 7^ for a sincere separating exact subcategory TZ 
of indA. Proposition 3.2(4) implies that 0{M) ^ repA(d). Conse- 
quently, -p^ ^ (since dimC(M) = dimrepA(d) — p^) and the claim 
follows from Propositions 6.4 and 6.5. 
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